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DIFFERENTIAL EQUATIONS WITH A CONTINUOUS INFINITUDE 

OF VARIABLES. 

By I. A. Barnett. 

The existence of solutions of the simultaneous system of differential 
equations 

j* = fp(T, «i» • • • K), (p = 1 • • • v) 

has been proved by means of various devices. Moreover the nature of 
the solutions when regarded as functions of the initial constants has also 
been treated.* 

Some of these results have been extended to differential equations with 
a denumerable infinitude of variables by Von Koch, Moulton and Hart.f 

In 1911, G. Kowalewski discussed the existence theorem for differential 
equations which involved Schmidt integral power series,! an( i m 1914, 
Volterra stated an existence theorem for general differential equations 
involving functions of lines. § He gives, however, few details of the proof. 

It is intended in the first section of this paper to restate this theorem of 
Volterra, and to give the details of the proof. The problem may be stated 
somewhat more explicitly as follows. Given the equation 

(1) ^^=/Cfcr,«(m 

where £, £' are real variables on the range (0, 1), r is a real variable on 
\t — To\ = a, «(£') has the range of continuous functions for which 
max |w(£') — «o(£') | = j8, and/[£, t, u~\ is a functional eliminating the argu- 
ment £' and yielding for each £, r, u of the above ranges a real number. 

* See, for example, the two articles by Bliss: "The Solutions of Differential Equations 
of the First Order as Functions of the Initial Values," Annals of Mathematics, 2d Series, 
Vol. 6 (1905), p. 49; "Solutions of Differential Equations as Functions of the Constants of 
Integration," Bulletin of the American Mathematical Society, Vol. XXIV (1918), p. 15. For 
other references, see Encyclopadie der Mathematischen Wissenschaften, II, A4a, p. 195, 200. 

fH. Von Koch, "Ofversigt af Konliga Vetenskaps Akademiens Fordhandligar," 
Vol. 56 (1899), pp. 395-411. 

F. R. Moulton, Proceedings of the National Academy of Sciences, Vol. 1, pp. 350-354. 

W. L. Hart, "Differential Equations and Implicit Functions in Infinitely Many Vari- 
ables, "Transactions of the American Mathematical Society, Vol. 18 (1917), pp. 125-160. 

JK. Kowalewski, "Ueber Funktionraume II," Wiener Berichte, Vol. 120 (1911), 
ab. 2a. 

§ Volterra, "Equazioni integro-differenziali ed equazioni alle derivate funzionali," 
Rendiconti delta reale Accademia dei Lincei, 23 serie V (1914), p. 55. 
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The problem is to find hypotheses which are sufficient to insure the existence 
of a unique solution w(£, t) reducing for an arbitrary value t of the above 
range for r to an arbitrary continuous function u(£) of the above range for u. 
After proving the existence of a solution through a fixed initial element, 
one is naturally interested in knowing the character of the solutions when 
the latter are considered as depending not only on the variables £, t but 
also on the initial elements. It is shown in section 3 that with suitable 
hypotheses, the solutions are continuous functionals of the initial elements. 
In order to proceed farther with these questions, it was found convenient 
to use the concept of "difference function" due to Bliss which is a modifica- 
tion of Frechet's differential. Four lemmas which are found to be useful 
in the sequel are proved in section 2. In section 4 a theorem is given which 
tells under what circumstances the solutions will possess difference functions 
with regard to the initial elements. This is an analogue of a corresponding 
theorem in differential equations with a finite number of variables, viz., 
the theorem concerning differentiability with respect to the initial constants. 
In the last section equations involving integral power series are considered 
and the connection with Kowalewski's paper is brought out. In a sub- 
sequent paper an application of these results will be made in proving that 
there exists a solution of an equation with a continuous infinitude of variables 
analogous to a linear partial differential equation in a finite number of 
variables. 

§1. Existence of a Solution Through Given Initial Elements. 

Let r and £ denote real variables and w(£') a real-valued continuous 
function on the interval Si £ Si 1. Moreover let A be a set of elements 
K> T > M (£')[] defined by the conditions 

(A) 0S{£1, |t-t |^«, lluttO-ttottOH^jS, 

where the notation | [ | | means that the maximum is taken with respect 

to all £"s of the interval (0, 1) and where to, uo stand for a particular real 
number and a particular real continuous function of the above ranges 
respectively. Finally, let /[£, t, w(£')3 be a real single-valued functional 
eliminating the argument £'. With these notations in mind, one may 
state and prove the following existence theorem. 

Theorem 1. Let the functional f satisfy the hypotheses 
(Hi) For each function u for which (£, r, u) belongs to (A), f\J-, r, u\ is 
continuous in Si £ Si 1, \t — t | = a. 

(H2) There exists a number k such that for every pair of elements (£, r, u'), 
(£, t, u") of the set (A), the inequality 

|/R, r, «'] - /K, r, «"]| Si k\ \u' - u" | | 
holds. 
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Under these circumstances, \f\ has an upper bound y in (A), and there 
exists one and but one function v(£, r) such that 

(Ci) »(£, r), v t (%, t) are continuous and the element ft, r, v(£, t')~\ is in 

(A) provided that (£, r) is in the folloicing set B: 

(B) 0=i{^l, |t-t |==p, 

where p is the smaller of a and 0/y, and y is an tipper bound of |/ft, r, if\ \ 
in the set (A). 

(C 2 ) »«, To) = «„«)• 

(c.) %&t) = /:«, t, »(f, t)]. 

It will be found helpful both in simplifying the proof and as a means for 
future reference to consider the following lemmas. 

Lemma 1. If the functional f satisfies the hypotheses of theorem 1, then 
it is bounded, i.e., there exists a number y independent of ichatever element 
(£, t, u) of the set {A), is considered for tvhich |/ft, r, w]| = y. 

For, one may write 

i/k, r, «: i ^ i/r, r, «] - jo, r, «„: i + i/r, r, «„: i , 

where the elements (£, r, w) and (£, r, u ) are taken in the set (A). By (# 2 ) 
it is clear that the first expression on the right-hand side is less than k/3 and 
by (Hi) the last term is at most p. where /i = | |/ft, r, u$~\ \ \ . 

Lemma 2. // «(£, r) is continuous in (B) and the element ft, r, ?<(£', r)] 
is in (A) for every (£, r) of (B), thenf\_%, r, u~\ is continuous in (B). 

Since the element (£, r, u) is in (A), one has by (H 2 ) the following in- 
equality. 

|/ft + A£, r + Ar, «ft', r + Ar)] - /ft, r, «(?, r)]| 

=i l/ft + A£, r + Ar, «(?, r + Ar)] - /ft + Afc r + Ar, «(f, r)] | 

+ l/K + A£, r + Ar, «({', r)] - /ft, r, «(f, r)] | 
S K ||w(r,r+Ar)- «({', t) | | 

+ |/R + A£, r + Ar, «(f , r)] - /ft, r, ««', r)] | . 

But, since w(£, r) is continuous in (B), | |w(£', r + Ar) — «(£', r) | | can be 
made as small as desired provided |Ar| is taken small enough. Also, the 
expression |/ft + A£, r + Ar, «(£', t)] — /ft, r, w(£', r)]| can be made 
arbitrarily small by restricting sufficiently | A£ | , | Ar | , as follows from (Hi) . 
Hence, the truth of the lemma follows. 

Now, let {»„(£, t)} be a sequence of functions defined by the relations 

(2) t> «, r) = u (0, 

tv+.i«, r) = «„({) + X:/ft, t', r,(f, r')>', (, = 0, 1, • • •)• 
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Lemma 3. 

(1) Each fl„(£, r) is continuous in (B). 

(2) If (£, r) is in (B), then for each v the element Q-, r, »„(£'> t)] i s in (-4). 

(3) For eacA p the functional f^, r, «„(£', r)] is continuous in (B). 

By (#i) the conclusions of the lemma including (3) are true for v = 0. 
Moreover since by Lemma 1, one has the inequality 

ktt, r) - wo© | Si \fr T M, r, Uo^')W\^ j\r - t„|, 

the conclusion (2) follows for p = 1 and consequently (3) for v = 1 by 
Lemma 2. Thus ^(f, r) is continuous in (B). By sequentially using 

| »h-i(£> t) - m (£) | S 7 1 r - To | 

and Lemma 2, one easily obtains the results of the Lemma. 

Lemma 4. The sequence {»„(£, t)} converges uniformly in (B) to a func- 
tion v(i-, t) continuous in (B), and such that (£, r, ») is tre (A) whenever (£, t) 
is in (B). 

From the defining equations (2) one has 

I »i(f > 7") — *>o(£, t) | ^ /i | r — To | , 
where ju = | |/Q-, t, «o3| | in (-4)- To complete the induction, assume 

HK"\t — T |" 



Kv(?,t) - v-i& t)|2T 



K 



It follows from this and hypothesis (# 2 ) that 

k+i& t) - »,& t) I = \h\f[Z, t', »,(*', t')2 ~ /D, t', tv_i({', t')-]W\ 



Jr. « "! 



"+ 1 ' II K-"+ 1 l T — T.Kl 

T — To 



.tf/l <M« ' |T - To | 



Now, consider the series 

(3) „«, t) = tt «) + [rid, t) - «„(£)] + [^ t) - n(£, t)] + • • -. 
The absolute value of every term of (3) is less than the corresponding 
term of the expansion of (e^ T ~ T ^ — l)/x//c. Since this dominating series 
converges surely for all elements (|, t) of (5), it follows that the series 
(3) converges absolutely uniformly in (B) and hence uniformly for all (£, t) 
of the same set. Moreover, since each term of (3) is continuous in (B) it 
follows that »(£, t) is continuous in (B) and hence by Lemma 2, the last 
conclusion of Lemma 4 follows. 

Lemma 5. The function v(£, t) satisfies the relation 

»«, t) = «o«) + y;;/ft, t', *($', t')>', for ? == *„. 

For, by Lemma 4 there exists a sufficiently large index v Q such that the 
maximum with respect to both (£, t) of (B) of the expression | v v (j-, t) — »(?,t) | 
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can be made as small as desired, say less than e. Hence, since the elements 
(£, t, v y ) and (£, t, v) are in (A), it follows by (Hi) of Theorem 1 that 

\J7M[£, r', »,(?, r')] - /[?, r', *(?, T , )]}dr' == «|t - t | 
or 

lim frlfti, r', Vyg, r')>' = f T \f[£, r', vtf, /)>'. 

But, by Lemma 4, «(£, r) = lim v v (£, r) so that it follows from the relations 

(2) that 

»(€, t) = wo© + fr T M, r', »(?, r')>! 
as desired. 

On differentiating the last relation with respect to r, one sees that 
« T (£, t) is continuous in (5) and satisfies the differential equation (1). 
Moreover by putting t = t in this same equation, one finds that the 
solution reduces to the specified initial function w (£). 

It remains only to prove the uniqueness of the solution. 

Lemma 6. The equation (1) has only one solution «(£, t) which is con- 
tinuous in (B), for which fl r (£, t) is continuous in (B) and which reduces to 
w (£) for t = t . 

Suppose that besides »(£, t) there could be another solution v(l-, r) having 
the properties stated in the lemma. Then this solution also would have 
to satisfy a relation like that in Lemma 5. It would then follow by (H^) 
of Theorem 1, since both (£, t, v) and (£, t, v) are in (^4), that 

,a) l«tt, r) - v(&, r) | = \J7. {/R, r', *(?, r')] - /[?, r', 8(f , /)]}<*/ 1 

S TK/3 | T — To I . 

If now (#2) is sequentially applied to the second member of (4) and use is 
made of the last inequality, one obtains finally the inequality 

»(£, r) - t>& t) ^ ' , — 

from which follows the statement of the Lemma by a passage to the limit. 

This completes the proof of Theorem I. 

The following theorem, which is really a Corollary of Theorem I, will be 
found useful. 

Theorem II. Let a set (A') be defined by 

(A') 0sj<l, | r _ ro |< a) \\u- u \\^ 00. 

If the hypotheses of Theorem I are satisfied in this set and if | |/[£, t, u ~] | | , 
then the conclusions of Theorem I will hold for the set of points (B'), 



(B') 0£{£1, 



r — To 
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Part (2) of Lemma 3 which deals with proving that the element (£, t, v) 
is in (A') is of course unnecessary here. The smaller of a and (3/y should 
in this case be replaced evidently by the number a. The convergence and 
uniqueness proofs go through precisely as before. 

§ 2. Some Definitions and Lemmas Concerning Functionals and 

Difference Functions. 

Before proceeding to a discussion of other properties of the solutions of 
equation (I), it will be convenient to give a few definitions and lemmas to 
which frequent reference will be made in the sequel. 

Let 77 stand for the set of elements (771 • • • 7? r ) where the 171 • • • i\ T are 
real variables with ranges which are composed of continuous intervals or 
discrete sets. For example, 771 might have the range 1, 1/2, 1/3, • • • and all 
the other 77's vary over (0, 1). Moreover, let u stand for the set of elements 
(wi • • • u s ) where U\ • • - u, are real continuous functions of £' on the interval 

g J' < 1. Consider now a real-valued functional operation «[£, 77, u~] 
= "K> Vi * • • Vr, Ui • • • «») defined by the relations 

W ||«i-<>||^M.- (t=l ■■■*). 

In other words, v\]~, 77, u] is of such a character that whenever the element 
(£, 77, u) of the set (R) is given, the correspondence v determines a real 
number. Unless otherwise specified, attention will be confined to 77's which 
represent sets of variables having continuous ranges. 

Definition. — 1>[£, 77, u~\ is said to be continuous in the set (R) if for every 
positive number e and for every u for which (£, 77, u) is in (R), there exists 
another positive number S e , u which is independent of (£, 77) such that the 
inequality \ v\_£, 77, u] — v[£, 77, u~\ \ ^ e holds if (£, 77, u) and (£, 77, u) are in 
(R) and if ]F — f I = &,,u, \v — v\= &..u,\\u— u\\ g5 ( ,„. 

The notation I77 — 77 1 means of course |ij< — r\i\, (i = 1 ••• r) and 

1 I u — u I I stands for | | «,-—«,- 1 | , (i = 1 • • • s). 

Lemma 1. // 

(1) »..[£> V> u ~] ^ continuous in (R), 

(2) The sequence {v y \j;, 77, u]) tends to a limit v[_£, 77, u~] uniformly with 
respect to all elements Q£, 77, u~\ of (R), then, v\ji, 77, u\ is continuous in (R). 

In the inequality 

|«[I» V, u] - v[£, 77, u\\p\y\j, rj, u] - v n \J, 1\, u~]\ 

+ \kJ3> V, «] - *V„K. V, «]|+ \i>vjj, V, u] - t[£, 77, u]\ 
one can choose vo so large that 

I tfj, V, u] - v y $J, rj,u]\+\ v„Jj, 77, u~] - v\J, 77, u] I ^ - 
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by the uniformity of the convergence. Moreover by the continuity of 
"Jl£> V> u l there exists a number 5, t u< „ for which 

k„[i, V, u] - »,„[?, V, w]| S e/3. 

Take this 5 e , „, „ o as the 5 associated with the continuity of »[]£, 77, ii\. 

Let (jj) be a set of elements \j\, u~\ where 77 stands for a set (771 • • • 5j r ) 
with each 77 ,■ ranging over the whole linear continuum and ft stands for 
the set of functions (wi • • • u s ) where the m,- are arbitrary continuous 
functions of £' on the interval (0, 1). In all that follows in this section 
the elements (£, 77, w) and (£, 77, u) shall be understood as belonging to (R) 
and (ij, u) as belonging to (#). 

Definition of the function a[_£, 77, u, rj, u; rj, «]. 

(1) a is continuous in [£, 77, tt, 57, w; 77, u~\ in the sense defined above. 

(2) a[£, 77, m, 77, m; 7^1 -f 7 27 } 2 , y^ + y 2Ui ] = 7i«K> V, lt >V> &; m, wj 
+ 72«R' */> w > »?> w; j/2, w-J, w^ere (r]i,Mi), (772, u 2 ) are elements of (R) and 71, 72 
are arbitrary real numbers. 

(3) There exists a •positive number fx independent of \J~, 77, u, rj, u; rj, u] 
for which 

I «[£> V, u > V, u; rj, u~] I S n I [ rj, ii\\. 

The notation | 1 77, u \ \ means the larger of [] | | rj | | , | | u | | ]. 

Definition of a difference function. 

°0> V> U >V, u; 77, u] is said to be a difference function of f\j-, 77, u~\ if a 
has the properties (1), (2), (3) just defined and satisfies the relation 

/[£, V, w] - /[£, 77, u] = a[£, 77, m, 77, it; 77 - 77, u - u~]. 

Besides the properties (1), (2), (3) of a there will be occasion to con- 
sider a fourth property. 

(1') If in a, one substitutes for u, u, u the functionals v'{j-, 77', u!~\, 
v"Li> v"> u "l> V '"L%> v'"' u'"~] respectively, where v' , v", v'" are continuous in 
the sense above defined, then the resulting expression considered as depending on 
£> V' V, V> v'} v"> v'"> u '> u "> u '" i s a l so continuous in the same sense. 

It should be understood in (1') that 77', 77", 77'" may denote sets of vari- 
ables which have both discrete and continuous ranges. If for example 771 
has the range 1, 1/2, 1/3 •••, then 0(771) is continuous at the point if 
I f (771) — «(0) I ^ e whenever |Vi I = 8 or what amounts to the same thing 
lim v(r}{) = v(0) when lim 771 = 0. The u' , u", u'" must have ranges given 
by (R). This last property is denoted by (1') because it is similar to (1) 
but much stronger. It will be understood therefore that whenever (1') 
is used it will replace (1). 

The following lemmas will be found very useful. 

Lemma 2. Iff[£, y, u} has a difference function a\j;, 77, u, 77, u; rj, ?t] in 
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the set (R), it satisfies the Lipschitz condition described in hypothesis (H 2 ) of 
Theorem I in this set. 

For, taking 77 = 77 and u, u as single real continuous functions, one sees 
from the definition of a difference function and property (3) that 

l/[£, v, u] - /[£, »/, «] I = mI|m - u\\. 

Lemma 3. IffUs, v> u ~\ has a difference function in (R), it is continuous 
in (R) in the sense described above. 
For, if in the inequality 

|/[i. v, s] -Jli, v, «] I s |/K, ^ «] - /[£, ij, «] I + |/[f, v, «] - /[£, 17, «] I 

one takes IJ77 — 17]!, [|w — m|| sufficiently small, one can make \f[£, 77, u~\ 
~ /R' *?> u 1\ as small as desired, since it is less than jull'? — V> u ~ u \\- 
Furthermore by property (1) of the difference function the second ex- 
pression on the right tends to zero with | £ — £ | . It is to be noted here 
that because of the character of the ju the continuity is surely of the type 
defined in the beginning of this section and even stronger. 

Lemma 4. Let vjjjj, n, u~\ be a sequence of functional^ with the properties: 

(1) The sequence converges to a limit function «Q£, n, u~\. 

(2) Each u„E£> V> u ~\ has a difference function 6„R, n, u, 77, u; rj, u~\ with 
all of which are associated the same constant a. 

(3) The sequence {&,££> 77, u,n, u; rj, u\ } converges to a limit b\_^, n, u, n, u; 
rj, u~\ uniformly with respect to all (£, 77, u) in (R), (£, rj, u) in (R) and {rj, it) 
for which ]| rj, u [\ = 1. 

Then, the limit b\_^, 77, u, 77, u; rj, u\ has the properties (1), (2) and (3) and 
is a difference function for v\ji, 77, u~\. 

From (2) one has the relation 
vJl£> V, «] - «££, V, u] = &„[£, v, u, 1\, u; 77 - n, u - u], v = 1, 2, • • •, 
so that passing to the limit as is allowable by (1) and (3), it is clear that 

tQ> V, «] - »[& V, «] = b\J, n, u, rj, u,v-rt,u- u]. 

It remains to show that b\J, n, u,rj,u; rj, u~\ has the properties (1), (2), (3) 
of a difference function. By (2) and (3) one sees that 
b[£, n, u, 77, u; 71771 + 72%, 7i«i + 72W2] 

= lim &„[£, 77, u, r), u; 71771 + 72772, 71W1 + y 2 ii{\ 

= lim {7A[£, V, u, 77, u; rj u u{] + y 2 b,\J, 77, u,rj, u; rj 2 , u 2 ~\. 

Since each term on the right-hand side separately converges, it follows that 

&[£> V, u,V,u; 7ii?i + y 2 rJ2, yiia + y 2 u{\ 

= 7i&[£, V, u,rj, u; rj u u{] + y 2 b\J, n, u,rj, u; 772, M2] 
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which proves property (2). Moreover since each b r is continuous in 
£, n, u, rj, ii, rj, u and since the sequence {b y \ converges uniformly to b, it 
follows from Lemma I that the limit functional b will also be continuous in 
the same arguments. Finally, property (3) is an immediate consequence 
of hypothesis (2). 

§ 3. Continuity of the Solutions with Respect to the 
Initial Elements. 

Consider now a set (A ) of elements (£, t, w) defined by the inequalities 

(A ) 0^|S1, \t- too|S a +5, || u - w 00 ||S j8 + 5, 

where (£, t o, w o) ^ s a particular element. Assume that all the hypotheses 
of Theorem I are satisfied in this set. Consider also a set of elements 
(£. t, To, Wo) given by the relations, 

(B ) S £ S 1, \t — T |Sp, |t — too| =5, ||«o — wool | = 5, 

where p as before is the smaller of a and f3[y. 

The set (A) associated with every element (t , w ) for which | to — too | =5 
and || Wo — wool I = 5 is a part of (A ) as is clear from' the inequalities 

|t — Tool = \t — t |+|t — T o||= a + 5, 
1 1 w — woo 1 1 = 1 1 w — w 1 [ + 1 1 w. — Woo 1 1 = /3 + S. 

From this it follows that if one defines a sequence of approximating func- 
tional {v v \j£, t, To, Wo] J by equations (2) where now [£, t, t , u ~] are all 
thought of as varying in the set (B ), one can prove precisely as in Lemma 3, 
section 1, that these functionals are all defined in (B ) and that the sequence 
converges uniformly in (B ) to a solution t\_^, r, to, w ] of the differential 
equation (1). One has thus secured a set of solutions which for all possible 
variations of the initial element (J;, r, t , w ] in (B) has a common interval 
of definition \r — To | = p. 

Theorem III. // the hypotheses of Theorem I are satisfied in the set 
(Ao), then in the set (B ) the solutions ?££, t, to, wo] are continuous functionals 
of their arguments in the sense of section 2. 

In the notations of section 2 the conclusion of this theorem has reference 
to a set (R) = (B ) with the elements £ = £,»? = (t, t ) and u = w . The 
proof of the theorem can be made to rest on the following 

Lemma. // 

(1) f\j;, t, w] satisfies the hypotheses of Theorem I in the set {Ao), 

(2) v\l;, t, to, wo] is continuous in (B ), 

then, the functionals g\J, r, t , w ] = /[£, t, tQ', r, t , w ]] and J"/, g[£, r', 
to, Wo]^t' are also continuous in (B ) in the same sense. 
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Consider any two elements \J, t, t , w ], [£~ t, t , wo] of {B ). One may 
write 

/ 5 \ I#l5> r> to, wo] — g\J, t, to, wo] I = |?Cl, t, t , Wo] — g\J, T, To, Wo] I 

+ \9\J, T, ?0, Mo] - #[£, T, T , M ]|. 

Since / satisfies the Lipschitz condition in (A ), it follows that the first 
expression on the right will not exceed k \ v\J, t, to, wo] — «[£, t, t , w ] | . 
From the continuity of v it follows that this may be made as small as de- 
sired if (£, t, to, Wo) is taken sufficiently near (£, t, to, w ). It is to be re- 
marked moreover that the associated 8 is independent of £, t, t . Also, 
the second expression on the right-hand side of (5) can be made as small as 
one pleases, since it is equal to |/[£, 7, v\J', 7, t , w ]]- /[£, t, v\J', t, t , w ]] | 
and hence for each w is uniformly continuous in £, t, to. This proves the 
first part of the Lemma. 
Now, set 

^K, t, to, wo] = J7 g[£, t', to, u ~]dT'. 

Then, it is clear that 

I h[£, r, 7 , wo] - h[£, t, to, w ] | ^ | J7gLl t', To, w ]c?t' | 

+ I Jh° flCf. t', Jo, u o y.T | 

+ I St\ \g\i, t', to, Wo] - g[£, t , To, «o]}rfr' | . 

Hence, applying the first part of the Lemma and Lemma 1 of section 1 
to the first two terms on right, and the fact that <?[£, t, to, w ] is continuous 
in {Bo), one sees that 

[*[£> t, ~ro, Wo] — h\J, t, to,w ]|S y([t — t\+ I to — T | + e|r — To | ) 

if (£, t, to, w ) is sufficiently near to (£, t, to, w ) which proves that 
h\j;, r, to, Wo] is continuous in {Bo). It is important to note that the uni- 
formity of the continuity of g[£, t, to, w ] with respect to t was needed in 
this discussion. 

Consider now the approximating functionals 

, 2 '\ B «K' T - T °> W J = w «(£), 

»H-lR, T, T , Wo] = W (f) + f T T J[£, T , »„[£', T '> T 0, W ]]dr', 

y= 0,1,2,..-. 

Suppose [£, t, To, w ] is any element of {Bo). Then for v = one has 

|Aflo| = |«o[l, T, TO, W ] — Bo[|. T, T , W ] | = | Wo(l) ~ «o(£) | 

so that 

| A* 1 ^ | fiott) - «o(I) | + | «o(I) - «o(Q | • 

But, if e^is arbitrarily assigned there exists a 5 e , M(1 independent of £ such 
that if |£ — £ | S 5«, „ then | w (|) — w (£) | = «• This 5 is independent of £ 



182 Barnett: Differential Equations. 

since m is a continuous function on a closed interval. Also there exists a 
5 e such that if 1 1 u — u 1 1 == 5 e then | m (£) — m (£) I = e - This shows that 
floD;, t, to, t*o] possesses precisely that type of continuity heretofore con- 
sidered and may therefore be used as the fljjj, t, t , m ] of the preceding 
Lemma. Thus by successive applications of this Lemma one gets the 
result that all the v v \j;, t, t , m ] are continuous in (Bo). Furthermore, 
as has already been remarked at the beginning of this section, the sequence 
{kL%> t > t <>> m °]I converges to a solution v{j£, r, t , u ~\ uniformly in (Bo). 
Hence, using Lemma I of section 2 with 77 = (t, to), u = u one obtains 
the conclusion of Theorem III. 

§ 4. Differentiability of the Solutions with Respect to the 

Initial Elements. 

The main result of this section is embodied in the following 

Theorem IV. If 

(Hi) The hypotheses of Theorem I are satisfied in (A ), 

(H 2 ) /[£, t, m] has a difference function a[£, t, u, 7, u; r, f<] in (A ), 

/[£> ^> u l - /R> T > u ~\ = a R> t,u,7,u;t-t,u- u~], 

(H 3 ) The difference function off has the additional property (1') of section 
2 in (A ), 

then, the solution v[_%, t, t , m ] has in (B ) a difference function b\_^, t, t , 
Mot, toUo; ttoM-oj- 

The style of proof will be to interpret the sequence { »„[£, t, t , m ] \ with 
V — (t, to) and u = u of Lemma 4, section 2, as the sequence of approxi- 
mating functional (2'). If then one can show that all the hypotheses of 
that Lemma are satisfied here, Theorem IV will be proved. 

Lemma 1. If 

(1) f£g, t, u~\ satisfies the hypotheses of Theorem IV, 

(2) v\j;, t, To, u ~] has a difference function 6fJ;, t, to, «o, r > toWo! t, to, mo] 
in (Bo), 

(3) (£, t, v[£', t, to, Mo]) is in (A ) for every (£, t, t , u ) of (B ), 

then, g[£, t, t , w ] = /[?, t, ?>[£', t, t , m ]] crnd XI #R> T '> T o, Wo]^t' also 
have difference functions in (B ). 
By hypothesis (1) 

g[£, 7, to, «o] - sO, t, T , M ] = a[{, t,v,~t,v;~t — t,v — »], 

where » = !>[£> t, t , m ] and S = v\J, 7, 7 , Mo]. Moreover 

«R. t, to, «o] — »[£> T, T , m ] 

= &[?> T, T , Mo, T, TO, M ; T — T, T — T , M — M ]. 
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Hence, 

9L£, 7, To, Wo] — fit?, T, To, Mo] 

= <Cf, T, T , «0, T, TO, Mo! T — T, TO — To, M — M ], 

where 

<C£> T, To, M , T, T M ; T, TO, M ] 

= a[£, t, d, 7, 5; t, &[£', t, t , m , 7, 7 , m ; t, t , m ]]. 

It remains to show that c has properties (1), (2) and (3) of a difference 
function. Property (1) of c is an immediate consequence of the property 
(1') possessed by the difference function a. Property (2) follows from 
property (2) of b and a. Since (£, t, v), ({, t, v) are in (Ao), it is clear from 
property (3) of a that |c[^/t|| t, b \\ and hence from property (3) of b that 
|c| = /A || ?, to, «o ||» where X is the constant associated with b. Thus 
property (3) of c is proved. This completes the proof that g\_%, t, t , m ] has 
a difference function in (B). 

Consider now the functional h[£, t, t , m ] = J" T \ g£t;, r , t , m ]. By 
means of an easy computation it is found that 

£[?> t, to, m , 7, 7 , m ; t, to, Mo] = r Jl 1 g\j£, t + 0(7 — t), 7 , Uo]dB 

(6) + ToJ[° #[£, To + 0(7 O - To), 7 , M O ]d0 

+ JV, <C?, t', To, Mo, t', to, Mo! 0, TO, Mo]^t', 
where 

£[£> T, T , Mo77 M ; T — T, 7 — To, M — U ] = A[£ T, T , M ] — #[£, T, T , M ]. 

Properties (2) and (3) of k follow readily from the identity (6), properties 
(2) and (3) of g, the continuity of c, and elementary properties of integrals. 
The proof of property (1) follows readily from the fact that g and c are 
continuous in the sense of section 2. 

Lemma 2. Every approximating functional v£j-, t, to, Mo] has a difference 
function b v in (Bo) iff satisfies the hypotheses of Theorem IV. 

It is clear from (2') that Vo[_$j, t, to, mo] has a difference function b = Mo. 
Then from Lemma 1, it will follow that every v w has a difference function 
6„ where 

KL%> T, T , Mo, T, T , M ; T — T, TO — To, M — M ] 

= «,££, 7, To, M ] — »„[£, T, T , M ], J' = 1,2, 

It can be shown from the defining equations (2') that 

bp+l\J, T, T , M , T, TO, M ; T, To, M ] = M (£) 

+ r/oVK, T + 0(7 - T), «,[?, T + 0(7 - T), 7 , Mo]rf0 

(7) + T yl°/K, TO + 0(TO - To), *,[?, To + 0(_T O - To), TO, M O ]rf0 

+ J7, a L%> T '> v v T '> v*'> °» ^K'» T '> to, M , t't , m ; 0, TO, m ]^t' 
where »„ and »„ stand for «„[?, t, to, m ] and a„[£> 7, 7 , m ] respectively. 
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Lemma 3. The difference functions h v of the approximating functionals 
have a common constant X associated with them. 

In the first place it is clear from the definition of 6 that 

[ 6 | = [ 1 1 r I , I ? |, |w |||. 

Furthermore it follows from (7) and the properties of / and a that if there 
exist functions 6„(t) such that 

|6»|^0,(t){|||?|, |fo|, |«o|||}, 

then 

|6 v+ i|=i {l + 2y + \J7.KP r (/)dT'\}{\\\r\, |r |, |« |||}, 
so that 

/3„ +1 (r)= l + 2y + \S T r t Kp„(T')dT'\. 

One obtains therefore the following expressions of the functions /3„(t) 

0o = 1, 

A = (1 + 27) + a +_^+ ^-L 2 s (1 + 2y)e ~, 



^ =(1 + 2y)\l + K ^ Tal ■ " |T " "' 



1! ' j/! 

Hence the common constant X is given by (1 + 27)0"" where p = \t — t | . 
Lemma 4. If p.O> 1", to, «oH arad p[£, t, t , Uo~\ are continuous in (B ) 
and Urn p v = p uniformly in (Bo), then Km c v (p v ) = c(p), where 

c,\jpJl = fr a a\J, r, v„ t', v v ; 0, p r \J, t, t , MoJ^t', 

It is seen that c\_p~\ is obtained from c„[p J by substituting for v v and 
v v the limits v and t; respectively as v ->■ 00 , and putting for p„ the limit p. 
One has from the linearity property of 

c[p] - c v [jpj] = JZ {a\J, t, v„ t', i\; 0, p] - o[f, r', », t', t;; 0, p]}dr' 

+ fr\ «K, t', «„ r, v v ; 0, p„ - p~]. 

The integrand of the second term on the right does not exceed fj. 1 1 p v — p \ J 
so that it can be made as small as desired because of the uniformity of the 
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approach of p v to p. In the first term regard v, and v v as depending upon 
v , £, t, To, uq and v , £, t, t , u 0> where v' = 1/V. Since lim »„[£, 7, 7 , w<T| 

= »Cf> "^ '"o, Mo] and lim «„[£ T » r o, «o] = C?> r > r o, «o] uniformly in (5 ), 

it follows that t>|V, £, t, t , «o] and »[V, £,7, ro, u ~] are continuous functions of 
their arguments in the sense of section 2 so that property (1') of a difference 
function is applicable, thus showing that lim c„|j} J = c\jp~\ as desired. 

v — *-<x> 

Lemma 5. The sequence {b v } converges uniformly in (B ) to a limit b 
given by the expression (11) below. 

By Lemma 2 of this section one may write 

(8) 6,+i = d v + c„p>„], 
where 

(9) d r = «„($) + r./o7ft, t + 0(7 - t), vjtf, r + 0(7 - t), 7 Ol Mo]]rf0; 

+ to yi°/K. r + 0(ro — To), «„[£', To + 0(t o — T ), To, Wo]]d0 

and 

(10) c v [b J= X* a[£, t', » w t', S v ; 0, &„[{', t', t , m , t', 7 m ; 0, t , m ]]^t'. 

Repeating (8) v times one obtains 

b v+ i = d v + c v [_d„-i] + c„c„_i[</„_ 2 ] + • • • + c v c v -!- ■ ■c 1 [b '], 
where the notation explains itself. 
Consider also the infinite sum 

(11) b = d + c[dT\ + c 2 [rf] + • • • + ct<T| + • • -, 

where d and c{jT\ have precisely the form of d„ and c„[/2 J only with v, v 
substituted for v v and v v respectively, and where c" means that the opera- 
tion c is repeated k times. It has already been seen that each term of (10) 
is dominated by the corresponding term of (1 + 27) e"" || | f |, [ r |, |wo| [|- 
In a similar way it can be shown that the series for the last expression also 
dominates term by term the series (11). Hence there exists an integer 
k of such a character that all the terms of 6^1 after the K th have a sum 
which is in absolute value at most e/3 where e is an arbitrarily assigned 
positive number. The same is true for the series representing b. More- 
over, by repeated application of Lemma 4, one sees that there exists an 
index i> such that if v > v , the first k terms of b v+l can be made to differ 
from the first k terms of 6 by a number which in absolute value is at most 
e/3. Hence lim 6„ = b uniformly in (B ). 

Recalling now that the v v converge to the solution v one sees that the 
hypothesis H(i) of Lemma 4, section 2 is satisfied. Furthermore, hypothesis 
H (2) of that Lemma is contained in Lemmas 2 and 3 of this section and H$) 
is nothing but Lemma 5. Thus the conclusions of Lemma 4 are applicable 
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so that the solution v\j-, t, t , u^\ has a difference function b in (5 ) as 
desired. 

§ 5. Differential Equations Involving Schmidt 
Integral Power Series. 

Let w(£) be a real continuous function on the range (01). Then the 
function of r + 1 arguments 

(12) «P(f)«"(£l)---«^ftr) 

where £i • • • £ r also range over (01) and p, p\, • • • p T are equal or distinct 
integers is evidently continuous. If now (12) is multiplied by an arbitrary 
function k(£, £i, • • • £ r ) continuous in its arguments and the whole ex- 
pression is integrated with respect to £i • • • £ r , then the resulting function 

(13) vQ, «] = /o 1 - • -yo^tt, &, • • • £r)W(£)^(£l) • • -«^(€r)d&- • •<&* 

is again a continuous function of £. The expression 

2l[£, M ] = w iR, «] + «fcR» M ] + • • • + WnR, w] 

is called a homogeneous integral power form of the mth order (Schmidt) if 
W\ • ■ ■ w„ all have the form (13), and if for each w,, p + p\ + • ■ ■ + Pr = m, 
where we may suppose always m = p. For example, an integral power form 
of the 2d order has the following form, 

Jo 1 ---Jo 1 {K-200U 2 (%) + KllO«(£M£l) + K020M 2 (£l) + K011«(flMfe) } ^1 ' ' ' <?£r, 

when all the k's are arbitrary continuous functions of the r + 1 arguments 
£> £i> • • • £r. This evidently reduces to 

+ SffMi, fc, &)«&)«(6)#i<*&. 

The k's or the a, /3, 7 • • • are called the coefficients by the form. 

Let SijJ;, u\ be an integral power form of the mth order and let u be 
replaced by u + u, where u is a continuous function of £. Then the sum 
of the terms involving the first power of u is called the first differential of 
5lR> u ~} an d is denoted by SIR, w, u~\ (Kowalewski). It is clear that when 
u is fixed 2IR, u, u\ is an integral power form of the 1st order in u and for u 
fixed, of the (m — l)st order in u. This differential is precisely the dif- 
ference function defined in section 2 when u = u. For example to compute 
the difference function of an integral power form of the 2d order one con- 
siders the expression 

SIR, «] - SIR, «] = «(£)[> 2 (£) - « 2 (£)] + mSMZ, £i)"(£i)<& 

- uttjy.m &)«&)<& + y.vs, fi)[> 2 &) - « 2 &)]^i 

___^_ + /,7,'efc ft, &)[«&)«(&) - «&)«(&)]««, 

*It is clear that the variables of integration fv{ r may be so arranged that 
P^Pj^- • • gp r and this will be assumed throughout the section. For an account of this 
work see Kowalewski, loc. cit. 
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so that the difference function is 
aR, «, «; «] = «(€)[«(*) + «(€)]«(*) + u(£)Stf(£, &)«(&)<& 

+ y; 1 ./; 1 ^ &, &)[«(&)«(&) + ««i)Mfe)]rfv&. 

The differential is obtained by putting u = u and is 
SIR, u, u; u\ = 2a(0u(0u® + u®SMZ, &)«(&)<*& 

Consider now the first differential SIR, w, w] of the integral power form 
SIR, m|] of the with order. If one puts in this u + w for w and arranges the 
result according to the powers of u, then the sum of the terms of the first 
power in u is called the second differential of SIR, u~\ and is denoted by 
SIR, u; u, u\. In a similar way one could define the higher differentials 
of SIR, u~\. One may easily deduce the formula 

(14) SIR, u+u\= 30. «] + ~r ^ + m ' 2; ~ ~ + • • • 
with the analogues of Euler's formulas 

SIR, u; m] = mSlR, m], SIR, «; «, «] = m(m - 1)SIR, «],••• 
which may be obtained from the obvious relation 

SIR, cu~\ = C-31R, «], 

where c is an arbitrary constant. 

If in SIR, u~\ all the coefficients are replaced by their absolute values 
and «(£) by 1, one obtains a function of £ whose maximum is called the 
height (Hohe) of SIR, u~\. In a similar way one may define the height of 
SIR, u; u], SIR, u; u, u], etc., by replacing the coefficients by their absolute 
values and u, u, u, • • • by 1 and then taking the maximum with respect 
to £ . If n is the height of SIR, n~], then by Euler's relations mn is the height 
of SIR, u; u\, m(m — l)n is the height of SIR, u; u, u} etc. 

One may now with Schmidt consider infinite sums of integral power 
forms (integral power series), viz., 

<PR, «] = 2loR, «] + SIiR, «] + 2I2R, «]+•••, 

where 3l P R, w] is an integral power form of the pth order. Let y. p represent 
the heights of SI P R, u] and consider the series 

fi + nix + MX 2 + • • • . 

If the radius of convergence R of this power series is different from zero, 
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then the integral power series is said to be regular for | u(£) j ^ R. If 
| w(£) | ^ r < R, then the above power series is dominated by 

P(r) = Mo + Mir + M2r 2 + 

since |2l P [£,ttJI ^=n P r p . If |w(£) | ^ r and |m(£) | ^ s, r + 5 < R, one has 
immediately the inequalities 

n n 1 3UR, «] I = M P r p , 1 2I P [£, «; «] | ^ pm^" -1 *, 

I 2lpR, u; u, «] | =s p(p - l)/* p f*-*«*. 

Moreover Kowalewski shows by means of these that the following expansion 
is valid: 

(16) m, u+u^ = <PK, «] + $[{, «; «] + |^K, «; «, «] + • • • , 
where 

<PR, «; «] = &R, «; «] + &[£, «;«]+■•-, 
^[f, w; ti, u] = 3l 2 R, «; m, mH + 2ls[£, «; «, u] + • • •, etc., 

From the inequalities (15) one obtains directly the dominance relation 

(17) £ I | SU,[$, m; U • • -5] I « £ (P+g)"-(g+ 1 ) y^vr, 

p,qP- p,q V- 

which may also be written with the help of (16) supposing r + s < R, 



(18) |$K, u+t*] | <P(r+«). 

Furthermore 

MS ,s |^R M ;M]|<P'(rK 

1 ; |$[£, «; «, «] | < P"(r> 2 , etc., 

where P'(r), P"{r), etc., are the first, second, etc., derived series of P{r). 

It is desired now to investigate the differential equation containing 
integral power series 

(19) 



dr 


= m 


wj, 


L U&O) 


= 


(?) 



and see if the theorems proved in sections 1-4 are applicable. Kowalewski 
proves that such equations have solutions by a method very much analogous 
to that employed in proving the existence theorem for differential equations 
involving analytic functions. He shows in fact that the solution of 

may be developed as a power series in r with regular integral power series 
in u for coefficients. 
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It will be shown that the theory of the system (19) may be considered 
as a special instance of the theory described in this paper. 

The following theorem is true. 

Theorem I'. If§\j;, u~\ is a regular integral power series for \\u\\ =1 R, 
then the system (19) has a unique solution v(l-, t) continuous in 

W) 03(31. |,|S,, (,-ygg, „-|). 

The set (A') is now given by 

(A') O^f^l, |t|<oo, II « ||^/3. 

In the first place, since each term of the integral power series is a con- 
tinuous function of £, and since the series is uniformly convergent with 
regard to £ for each fixed u of (A 1 ), it is clear that hypothesis (Hi) of Theorem 
I is satisfied. To prove (H 2 ), replace in (16) the variables u, u by u, u' — u 
respectively, with u, u' both satisfying (A 1 ). Then, for each such u and u', 
one has 

(20) $[fc «'] - $[{, «] = $ft, «; «' - «] 

+ 2^PK» «; «' — m, «' — «] + 

so that by the inequalities (18'), one finds that the right-hand side of the 
last equation is dominated by 



*[p / 08)+|p"0?)+ •••] 



where s = 1 1 u' — u \ \ . Hence, since s = \\ u' — u\\ =12/3 and y + s 
S 3/3</c, it follows from (17) and (18) that 



l$R. <\ - » «] I ^ «P'G8 + *) =i P'(E) 



M — M 



Thus the hypotheses of Theorem I are satisfied. From the statements 
just preceding equation (15), it is clear that the value y = P(R) is an 
upper bound for %[_!■, u~\. 

The theorem on the continuity with regard to the initial elements reads 
precisely as Theorem III and will not be stated here. 

Theorem IV. /f^PQ-, u~\ is a regular integral power series for \\ u\\ ^ R, 
then in the set 

(Bo') O^f^l, |r-r |^p, |r |^5, ||«o||^«, 

the solution v£%, r, t , u ~] has a difference function b\_^, r, t , u , ~t, 7 , wo; t, t wo]] 
The set corresponding to (A ) is here given by 

(Ao') 0^£^1, -co< r <co, || m ||^/3 +5, (y3 + 5 < P/3). 
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It is requisite to show that the hypotheses of Theorem IV are satisfied. 
The proof that the hypotheses of Theorem I are satisfied in (A ') is the same 
as that given in Theorem I'. To show that^J^, u~\ has a difference function 
one makes use of the expansion (20). Consider the right-hand side with 
the last argument v! — u of each term replaced by u, 

a[£, u, u';u\ = %£, u; u] + $$[£, u; u' — u, if\ + 

The linearity of the functional a in u is clear from the definitions of ty^, u; u\, 
*$[}■, u; u' — u, u~\, etc. Furthermore, the functional a is continuous for 
every continuous function u. For, set s = | | u' — u\ [ and S= | \u\ |; 
then, by inequalities analogous to (15), (17) and (18')) it follows that 

flO, u; «] | < P\p)S «: P'(R)S, 
I^JR, u; «'-«,«]!< P"(J3)Ss < P"(R)Ss, etc., 

Hence, the series for a|J;, u, u'; u\ is dominated by P'(/3 + s)S or P'(R)S', 
i.e., for a fixed u it converges uniformly with respect to its other arguments 
and consequently represents a continuous functional for each fixed u. The 
constant fx associated with the difference function is P'(R). 

It remains to prove that a has the property (1'). In the first place it 
can readily be shown by a method of proof similar to that used in the proof 
of Lemma 1, section 2, that, if each of a sequence of functional has the 
property (1'), and the sequence converges uniformly in the set under 
consideration, then the limit functional also has the property (1'). Since 
the above series for a does indeed converge uniformly, it suffices to prove 
that the difference function of (13) has the property (1'). But it follows 
from the definition of a difference function and from the form of (13) that 
the difference function of (13) is a sum of integrals of the same type except 
that in the integrand product there occur two functions u, u instead of a 
single function u. That integrals of this last type have property (1'), 
follows very readily from the fact that the integrals are continuous func- 
tional of u and u. 



